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ABSTRACT. Let $F$ be a compact, orientable surface with negative Euler characteristic, and let $X1,$ $\cdots$ , $X_{h}$
be $n$ fixed but arbitrarily chosen points on intF; each $ti$ has a (small) diskal neighborhood $D_{\dot{*}}\subset F$.
Denote by $S_{n}(F)$ a subgroup of Diff(F) consisting of “sliding” maps $f$ each of which satisfies (1)
$f(\{X1, \ldots,x_{n}\})=\{x_{1}$ , . . ., $x_{n}\},$ $f$ ($D_{1}\cup\cdots$JD$n$ ) $=D_{1}\cup\cdots$UD$n$ and (2) $f$ is isotopic to the identity map
on $F$ . Then by restricting such automorphisms to $\hat{F}=F-\mathrm{i}\mathrm{n}\mathrm{t}(D_{1}J\cdots\cup D_{n})$ , we have automorphisms
$\hat{f}$ : $\hat{F}arrow\hat{F}$, which form a subgroup $S_{n}(\hat{F})$ of $\mathrm{D}\mathrm{i}\mathrm{f}\mathrm{f}(\hat{F})$ . We give a NielseJl-Thurston classification of










(1) $f(\{x_{1}, \cdots,x_{n}\})=\{x1, \cdot.. , x_{n}\}$ $f(D_{1}\cup\cdots\cup D_{n})=D_{1}\cup\cdots$ \cup D,
(2) $f$ $F$
$F$ (Diff(F) ) $\mathrm{S}_{n}$ (F)
$\mathrm{S}_{n}(\hat{F})$ { $\hat{f}|f\in \mathrm{S}_{n}($F)} $\mathrm{D}\mathrm{i}\mathrm{f}\mathrm{f}(\hat{F})$
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(reducible) 1 (essential 1-submanifold)
1 2
(pseudO-Anosov)
( $[11]_{\text{ }}$ [6, Expose’11, see also p.286] [2]
) 3
I. Kra $S_{1}(\hat{F})$ $[10]_{0}$
$\partial D_{\dot{1}}$ $(i=1, \ldots, n)$ $S_{n}(\hat{F})$ [8] ($n=2$ ) $\text{ }$ [9]
($n\geq 2$ )
1.3. . $\mathrm{S}_{n}(\hat{F})$ —–
Definition 1 ($f$ ). $f$ $S_{n}$ (F) $\Phi$ $f$
: $\Phi$ $F\cross Iarrow F\cross I$ $\Phi(x, \mathrm{O})=$ ($f$ (x), 0) $\Phi(x, 1)=(x, 1)$
$t_{\dot{\mathrm{t}}}^{f}$ : $Iarrow F\cross I$ $t_{i}^{f}(t)=\Phi(x_{j}, t)$ ( $x_{\dot{\mathrm{r}}}$ =f(xj))
$t_{1}^{f},$
$\ldots,$
$t/$ $F\cross I$ $b^{f}=(t_{1}^{f}$ (I), . . . , $t_{n}^{f}$ (D; $F\cross I$) $f$
(braid associated to $f$) ($f$ (xj), $\mathrm{O}$) $=(x:, 0)$ $(xj, 1)$ $i$
($\mathrm{i}$-th string) $t_{i}^{f}$ $t_{i}^{f}(\mathrm{O})=(x_{i}, 0)$ $t_{i}^{f}(1)=(x_{j}, 1)$
1
$F\cross I$ $i$ $(x_{i}, 0)$ $(xj, 1)$ $\mathrm{B}\mathrm{r}_{n}$ (F)
$\mathrm{B}\mathrm{r}_{n}$ (F) $b_{\backslash }b$’ $F\cross I$
$F\cross\{0,1\}$ $G$ $G(b)=b’$ $b$ $b’$
(equivalellt)
$\mathrm{S}_{n}(\hat{F})$ $\hat{f}$ $f\in S_{n}$ (F) Definition 1 $b^{f}\in \mathrm{B}\mathrm{r}_{n}$ (F)
$b\in \mathrm{B}\mathrm{r}_{n}$ (F) $b^{f}=b$ $f\in S_{n}$ (F) $\hat{f}$
$\mathrm{S}_{n}(\hat{F})$ 1 1
Proposition 1.1. $\hat{f}$ $b^{f}$ $\Psi$ : $\mathrm{S}_{n}(\hat{F})arrow \mathrm{B}\mathrm{r}_{n}$ (F) $\overline{\Psi}$ :
$\mathrm{S}_{n}(\hat{F})/isotopyarrow \mathrm{B}\mathrm{r}_{n}(F)/equivalence$ $b^{f}$ { $F$
$\Phi$
Definition 2. $b=$ ($t1,$ $\ldots,t$ni $F\cross I$) $\mathrm{B}\mathrm{r}_{n}$ (F) $b$ $t_{i}$ $F\cross\{\mathrm{O}\}\cap t$ :
$F\cross\{1\}\cap t_{\mathrm{i}}$
(1) $(\{x_{1}\}\cross I, \ldots, \{x_{n}\} \cross I;F\cross I)$ ( (trivial)
(2) $F\mathrm{x}I$ $F$ $p:F\cross Iarrow F$ $b$ $\{ti_{1}, \ldots,ti_{\mathrm{k}}\}$
{ $p((t_{i_{1}}\cup\cdots\cup t:_{k})\cap(F\cross\{0\}))=p((t_{\dot{\alpha}_{1}}\cup\cdots\cup t_{\dot{\iota}_{k}})\cap(F\cross\{1\}))$ .
1 $t_{\dot{\iota}}^{f}$ $t_{\dot{\mathrm{a}}}^{f}$ $t^{f}.\cdot$ (D
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(cyclic family) $\{t_{i_{1}}., \ldots, t_{i_{k}}.\}$
$p$ (t.i1), . . . , $p(t_{i_{k}})$ $t_{i_{1}}.,$ $\ldots,$ $t_{i_{k}}$ (
) $F$ $cj$
(3) $b_{1},$ $\ldots,$ $b_{m}$ $b$ $c_{1},$ $\ldots,$ $c_{m}$ $F$
$C=\{c1, .. . , c_{m}\}$ \sim ( $\mathrm{a}$ system of closed curves associated to $b$)
(4) $b$ $C=\{c1, .. ., c_{m}\}$ $F$ (filling) (
$c_{1}\cup\cdots\cup cm$ $F$ ) $b$ (fiUing)
$b$ $b$ (stably fflhng)
(5) $b$ $\{t_{i_{1}}, \ldots, t:_{k}\}(k\geq 2)$ $\eta:D_{1}^{2}\cross I\cup\cdots\cup D_{k’}^{2}\mathrm{x}Iarrow F\cross I$
$t_{i_{1}},$
$\ldots,$
$t_{i_{k}}$ $p(\eta(D_{1}^{2}\cross\{0\}\cup\cdots\cup D_{k}^{2}, \cross\{0\}))=p(\eta(D_{1}^{2}\mathrm{x}$
$\{1\}\cup\cdots\cup D_{k}^{2},$ $\cross\{1\}))$ (paraUel family)
Figure 1(1)
(6) $b$ $\{t_{i_{1},\ldots,i_{k}}t\}(k\geq 1)$ $F\cross I$ $(\partial F)\cross I$ $N$ $t_{i_{1}}.,$ $\ldots,$ $t_{i_{k}}$
$p(N\cap(F\cross\{0\}))=p(N\cap(F\cross\{1\}))$
(peripheral family) Figure 1 (2)
(7) $b$ P- (P-family)
\eta (D $\cross$ U..U $2\mathrm{k}$’
periphe aff
(1) (2)
FIGURE 1. paraUel family and peripheral family
$\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}1$.2. $f$ $\mathrm{S}_{n}$ (F) $F$ $b^{f}$
(i) $\hat{f}$ $b^{f}$
(ii) $\hat{f}$ $b^{f}$ $P$ -
(iii) $\hat{f}$ $b^{f}$ P-






1.4. . 2 $C=\{c_{1_{\rangle}}\cdots , c_{m}\}_{\text{ }}C’=\{c_{1}’$ , $\cdots$ , $d\mathrm{J}$ (equivalent) $c_{\dot{l}}$ (
) $d_{i}$
Definition 3. $C=\{c1, . . . , c_{m}\}$ $F$
(1) $C$ $C$ $C’$ (stably fiuing)
(2) $c$ $(*)$
(i) (primitive) (i.e., $c$ $c^{p}$
(p\geq 2) $)$
(ii) $c_{i}$ 9{ ( ) (i\neq j)
(iii) $c_{i}$ $F$
$f$ $b^{f}$ $f$ ( $\mathrm{a}$ system of closed curves associated
to $f$ ) $C^{f}=$ {cf1’. . . , $c_{m}^{f}$ }
Corollary 1.3. $f$ $\mathrm{S}_{n}$ (F) $C^{f}=$ {cf1’. . . , $c_{m}^{f}$ }
$C^{f}$ $(*)$ $\hat{f}$
Remark. (a) $f$ $x_{1,)}\ldots x_{n}$ $(*)$ (i) (Claim
5.1 ) $n=1$ $b^{f}$ 1
$(*)$ $\lceil\{c_{1}\}$ $c_{1}$ $F$ (b)
Corollary 1.3 $n\geq 2$ $n=1$ (a)
$(*)$ ([10] )
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2. EXAMPLE
$\mathrm{n}$ this section, we give some applications of CoroUary 1.3.
Example 1. Let $f$ be an automorphism in $S_{3}(F)$ such that $f(x_{1})=x_{2},$ $f(x_{2})=x_{1},$ $f(x_{3})=x_{3}$ and
$C^{f}$ is given by Figure 2. Then $\hat{f}$ is isotopic to apseudo Anosov automorphism in $\mathrm{S}_{3}(\hat{F})$ . Note that the
automorphism $f$ with the the given system of closed curves $C^{f}$ b$\mathrm{e}$low is not unique, but for each $f,\hat{f}$ is
isotopic to a pseudo Anosov automorphism in $S_{3}(\hat{F})$ .
In fact, by CoroUary 1.3, it is sufficient to show that $C^{f}=\{c_{1}, c_{2}\}$ has property $(*)$ , where $c_{1}=$
$p(t_{1}^{f})*p(t_{2}^{f})$ and $c_{2}=p(t_{3}^{f})$ . It is straightforward to check that $C^{f}$ satisfies (i), (ii) and (iii). To show
that it is stably fiuing, we first find ahyperbolic structure on $F$ such that the curve $c_{1}$ is realized as a
closed geodesic. In fact this can be done by decomposing F lto apair of pants. Then it is known that
a closed geodesic on a closed hyperbolic sufface which cuts the surface into open disks is stably fiuing.
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FIGURE 2
Since $F-c_{1}$ consists of open disks, $\{c_{1}\}$ is stably fiffing, and is also $\{c_{1}, c_{2}\}$ . This fact can be also checked
by [7], in which Hass and Scott gave a combinatorial criteria showing the given system of closed curves
are stably filling.
Example 2. Let $f$ be an automorphism in $S_{3}(F)$ such that $f(x_{1})=x_{3},$ $f(x_{2})=x_{1},$ $f(x_{3})=x_{2}$ and $C^{f}$
is given by Figure 3. Then the same argument as above shows that $C^{f}=\{c_{1}\}(c_{1}=p(t_{1}^{f})*p(t_{2}^{f})*p(t_{3}^{f}))$
has property $(*)$ and $\hat{f}$ is isotopic to a pseudo Anosov automorphism in $\mathrm{S}_{3}(\hat{F})$ .
FIGURE 3
3. ISOTOPIES OF ESSENTIAL CIRCLES ON A SURFACE
In this section we will prove the following result which implies that an isotopy sending a family of
circles on asurface $F$ to themselves is essentialy unique if $F$ has negative Euler characteristic.
Let $F$ be acompact, orientable surface of negative Euler characteristic and $a_{1}$ , . .., $ak$ mutually isotopic,
pairwise disjoint essential circles on $F$ . Let $A_{1},$ $\ldots$ , $A_{k}$ be a pairwise disjoint, monotone (meaning no
local maxima and minima) annuli in $F\cross I$ such that $p(\partial(A_{1}\cup\cdots\cup A_{k}))=a_{1}\cup\cdots\cup a_{k}$. Then a map
$\sigma$ : $\{1, \ldots, k\}arrow$ $\{$ 1, .. ., $k\}$ is determined so that $A_{i}$ connects $a_{\dot{\alpha},0}=a_{i}\mathrm{x}\{0\}$ and $a_{\sigma(i),1}=a_{\sigma(:)}\cross\{1\}$ .
$A_{1}\cup\cdots \mathrm{L}\mathrm{J}A_{k}$ corresponds to an isotopy sending $a_{1}\cup\cdots\cup ak$ to itself. Then we have:
Lemma 3.1. (1) $\sigma(i)=i$ for $i=1,$ $\ldots,$ $k,$ $i.e.,$ $\partial$A$i=\mathrm{h}$. $\cross\{0,1\}..(2)A_{i}$ can be isotoped to a vertical
annulus $a:\cross I$ by a level presenring isotopy which is the identity on $F\cross\{0,1\}$ .
Proof. First we suppose that $F$ is a closed surface of genus $g$ . Choose afanily of $2g$ essential simple
closed curves $\epsilon$1, $\cdot$ .. , $\epsilon$2gon $F$ as in Figure 4; $\bigcup_{=\mathrm{l}}^{\frac{}{k}g}’ \mathrm{g}k$ cuts $F$ into a single disk and $a$:is homologous to
none of $\epsilon_{1}$ , $\cdot$ . . , $\epsilon$2$g$ . Without loss of generality, we may assume that the curve $a_{i}$ is precisely as in Figure
4 (1) or (2) depending on whether $a_{i}$ is non-separating or separating: $a_{i}\cap\epsilon_{4}=\{z_{\dot{2}}\},$ $aj\cap\epsilon j=\{z:, z_{i}’\}$ .
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In fact, for a given essential simple loop $a_{i}$ on $F$ , there is a diffeomorphism $h:Farrow F$ sending $a_{i}$ to the
curve as in Figure 4 (1) or (2). Then we have the required situation by applying $h\cross \mathrm{i}\mathrm{d}$ . : $F\cross Iarrow F\cross I$ .
$(1)\dot{\mathrm{a}}_{\mathfrak{i}}$. $\mathrm{s}\mathrm{n}$ on-sep ra ng $(2)\dot{\mathrm{a}}_{\mathrm{i}}\mathrm{s}\mathrm{s}\mathrm{e}$ p a ng
FIGURE 4
$\mathrm{n}$ the foUowing we may relabel the indices and orient $a_{i}$ so that $a_{1},$ $\ldots$ , $a_{k}$ are homotopic as oriented
curves, and if $a$:is separating, then $a_{i}$ intersects $\epsilon$jat $zi$ and $z_{i}’$ with opposite directions and $(a_{1}\cup\cdots\cup$
$a_{k})\cap\epsilon j$ appears $z_{k},$ $\ldots$ , $z_{2},$ $z_{1},$ $z_{1}’$ , $z_{2}’,$ $\ldots,$ $z_{k}’$ in circular ordering on $\epsilon$j.
Let $E_{k}$ be the vertical annulus $p^{-1}(\epsilon_{k})$ for $1\leq k\leq 2g$ .
Since $a_{i}$ is essential, $A_{i}$ is incompressible. Thus we may assume, by a level preserving isotopy fixing
$F\cross\{0,1\}$ , that each $A_{i}$ intersects $E_{4}$ (resp. $Ej$ ) transversely and that each component of $A_{i}\cap E_{4}$ (resp.
$A_{i}\cap E_{j})$ does not bound adisk in $E_{4}$ (resp. $E_{j}$ ). Note that each level preseyving isotopy keeps $A_{i}$
monotone.
We first consider the case where $a_{i}$ is non-separating.
Claim 3.2. $A_{i}\cap E_{4}$ consists of an arc $\zeta$i isotopic to a vertical segment by a level preserving isotopy
leaving its boundary $invar\dot{\tau}ant$.
Proof. Since $a_{i}\cap\epsilon_{4}=\{z_{i}\}$ , there is no boundary-parallel arc in $E_{4}$ . Hence $(A_{1}\cup\cdots\cup A_{k})\cap E_{4}$ consists
of an essential monotone arc, say as in Figure 5.
$\mathrm{k}=1$ $\mathrm{k}=1$ $\mathrm{k}=3$
FIGURE 5
Take asubfamily $A_{1},$ $A_{\sigma(1)},$ $\ldots$ , $A_{\sigma(1)}\mathrm{j}-1$ of the annuli such that $j\in\{1, \ldots, k\}$ satisfies $\sigma$j $(1)=1$ and
no proper subfamily satisfies this property. Let $T’$ be a torus obtained from $A_{1}\cup A_{\sigma(1)}\cup\cdots\cup A_{\sigma(1\rangle}j-1$
by identifying their boundaries via the identification $(x, \mathrm{O})=(x, 1)$ . Then there is amap $p’$ such that the
foUowing diagram commutes:
Connecting the arcs $\zeta$b $\zeta$;(1) , . . . , $S\sigma \mathrm{j}-1(1)$ in a suitable order, we obtain an essential loop $\alpha$ on $T’$ ,
which satisfi6 $p_{*}’([\alpha])=[\epsilon_{4}]^{m}\in\pi_{1}(F, z_{1})$ for some integer $m$ . Assume for acontradiction that $m>0$ .
Then 74 $([\alpha])$ is nontrivial. The essential loop $a_{1,0}$ also gives an essential loop $\beta$ on $T’$ . Note that since
$[\alpha][\beta]=[\beta][\alpha]\in\pi_{1}(T’),$ $p_{*}’([\alpha])p_{*}’([\beta])=\mathrm{p}_{*}’([\beta])p_{*}’([\alpha])$ in $\pi_{1}(F, z_{1})$ . Furthermore, since $|\epsilon 4\cap a1|=1$ ,
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$p_{*}’([\alpha])$ and $p_{*}’([\beta])$ generate a rank two free abehan subgroup in $\pi_{1}(F, z_{1})$ . This contradicts that the
genus of $F$ is greater than one.
It follows that $m=0$, hence $p(\partial\zeta:)=z_{i}$ and we can isotope $A_{i}$ (fixing $F\cross\{0,1\}$) so that $A_{\mathrm{i}}\cap E_{4}$
consists of a single vertical segment. $\square$(Claim 3.2)
$\mathrm{T}\grave{\mathrm{h}}$is claim implies the first assertion of Lemma 3.1 in the case where $a_{\dot{\theta}}$ is non-separating.
Now let us show that $A_{i}$ can be isotoped to the vertical annulus as required. Since $E_{3}\cap E_{4},$ $E_{4}\cap E_{5}$ (if
$g>2)$ and $A_{i}\cap E_{4}$ consist of avertical segment respectively, we can isotope without changing $A_{i}\cap E_{4}$ so
that $A_{i}\cap E_{3}=\emptyset$ and $A_{i}\cap E_{5}=\emptyset$ (if $g>2$);here we use also a fact that $a_{i}\cap\epsilon_{3}=\emptyset$, $a_{i}.\cap\epsilon_{5}=\emptyset$ (if $g>2$)
and an incompressibility of $A_{i}$ . For other $E_{s}(s\neq 3,4,5)$ , since $a_{i}\cap\epsilon_{s}=\emptyset$ and $A_{i}$ is incompressible, we
can isotope further by a level preserving isotopy fixing $F\cross\{0,1\}$ so that $A_{\mathrm{i}}\cap E_{s}$ is empty or consists
of essential circles in $E_{s}$ ; each circle is also essential in $A_{i}$ because $E_{s}$ is incompressible. In the latter
case $a$:is homotopic to $\epsilon$,, a contradiction. Since $A_{\dot{\mathrm{t}}}$ intersects only $E_{4}$ or $E_{j}$ in vertical segments and
$E_{1}\cup\cdots\cup E2’$ cuts $F\cross I$ into a [disk] $\cross I$ , we can isotope $A_{i}$.to the vertical annulus by a level preserving
isotopy as desired.
Next we consider the case where $a_{\mathrm{i}}$ is separating.
In this case, $A\dot{.}\cap Ej$ consists of two properly embedded arcs $\zeta$iand $\zeta$(in $E_{j}$ .
Claim 3.3. $\partial\zeta_{i}=\{(z_{i}, 0), (z_{i}, 1)\}$, and hence $\partial(_{i}’=\{(z_{i}’, 0), (z_{\dot{l}}’, 1)\}$ .
Proof. If $\zeta$iis b0undary-paraUe1 arc, then since $A_{i}$ is boundary-incompressible and $F\cross\{0\}$ is incom-
pressible, there should be a bigon $D\subset F$ with $\partial D=d_{1}\cup d_{2}$ such that $d_{1}\subset a_{i}$ and $d\underline,\subset\epsilon$j. This is
impossible, see Figure 4 (2). Thus $\partial\zeta_{i}=\{(z_{\dot{\mathrm{t}}}, 0), (z.i)1)\}$ or $\partial\zeta_{i},=\{(z_{i}, 0), (z_{i}’, 1)\}$ , for otherwise, as in
Figure 6 (1), there would be a b0undary-paraUe1 arc in $(A_{1}\cup\cdots\cup A_{k})\cap E_{j}$ . In fact, since no $\zeta_{i}$ ’sare
boundary paraUel, these arcs define a bijection $\tau$ on $\{z_{k}, \ldots, z_{1}, z_{1}’, \ldots, z_{k}’\}$ so that $\zeta_{\dot{\theta}}$ connets the points
$(z_{i}, 0)$ and $(\tau(z_{\mathrm{i}}), 1)$ . Then since $\zeta$;is also a component of $A_{i}\cap E_{j},$ $\zeta_{i}’$ connets the points $(z_{i}’, 0)$ and
$(\tau(z_{i}’), 1)=(\tau(z_{\dot{0}})’, 1)$ . If $\tau(z_{i}.)=z_{j}$ (resp. $\tau(z_{i})=z_{j}’$ ), then $\tau(z_{i})’$ d.enotes $z_{j}’$ (resp. $z_{j}$ ).
Let us show that $\tau(zi)=z_{i}$ . Suppose to the contrary that $\tau$ ( $z\mathrm{O}\neq z$: for some $i$ . If $\tau(zi)=zj$ for
some $j\neq i$ , say as in Figure 6 (1) in which $i=1$ and $j=2$ , then there would be aboundary-parallel arc
in $(A_{1}\cup\cdots\cup A_{k})\cap Ej$ , a contradiction. If $\tau(zi)=z_{j}’$ for some $j$ , say asin Figure 6 (2) in which $i=2$
and $j=2$ , then sliding the oriented closed curve $a_{i,0}$ along the annulus $A_{i}$ to obtain an oriented closed
curve $aj,1$ . Then since $aj,0$ is orientedly homotopic to $a_{i},0,$ $p(aj,1)$ and $p(aj,0)$ have opposite orientations.
This implies that $aj$ and $\overline{a}j$ (the closed curve obtained from $aj$ by inverting its orientation) and ffeely
homotpic in $F$ , hence $F$ would be non-Orientable, acontradiction.
(Claim 3.3)
Thus we have asituation, say as in Figure 7.






Let us show that $A_{i}$ is also isotoped to the vertical annulus as required in this case. By using the
same argument in the proof of Claim 3.2 for a torus $T’$ obtained ffom single $A_{i},$ $\zeta_{i}$ and $\zeta$;are shown to
be isotopic to vertical segments by a level preserving isotopy leaving their boundaries invariant. Then,
as in the above, we can isotope $A_{\mathrm{i}}$ (fixing $F\cross\{0,1\}$ ) so that $A\cap E_{s}=\emptyset(s\neq j)$ , thus we can isotope $A_{\dot{l}}$
to the vertical annulus by a level preserving isotopy as desired.
FinaUy suppose that $F$ has genus $g$ and $d$ boundary components. We can find a system of properly
embedded arcs $\{\epsilon_{1}, \ldots, \epsilon 2,, \delta_{1}, . . ., \delta_{d-1}\}$ so that they cut $F$ into asingle disk. Then the result follows by
applying the same argument as above. (The proof is easier, because $p^{-1}(\epsilon_{j})$ and $p^{-1}(\delta_{k})$ is a rectangle,
not an annulus.) $\square$ (Lemma3.1)
4. PROOF OF THEOREM 1.2
Let $f$ be an element in $\mathrm{S}_{n}(F)$ and $b^{f}$ an associated braid.
4.1. Proof of (i). This is certainly well-known, but for completeness, we give a proof. If $b^{f}$ is trivial,
then $\hat{f}$ is isotopic to the identity map, whkh has period 1. Conversely if $\hat{f}$ is isotopic to a periodic
automorphism, then by Proposition 1J, $b^{f}$ ha afinite order in the braid group. If $b^{f}$ is nontrivial, then
[5, Theorem 8] shows that $F$ would b$\mathrm{e}$ $S^{2}$ or the projective plane $\mathbb{R}$P2, contradicting our assumption.
Thus $b^{f}$ is trivial.
4.2. Proof of the “only $\mathrm{i}P$’ part of (ii). Assume that $\hat{f}$ is isotopic to a reducible automorphism. Then
there is an essential 1-submanifold $C=a_{1}\cup\cdots\cup a_{m}\subset F$ such that $f(C)$ is isotopic to $C$ on $\hat{F}$ . In the
foUowing, we assume that $f(ak:)$ is isotopic to $a:$ , i.e., $a_{k:}$ is isotopic to $f^{-1}(a_{i})(i=1, \ldots,m)$ on $\hat{F}$ .
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The isotopy from $f^{-1}(a_{i})$ to $a_{k_{i}}(1\leq i\leq m)$ on $\hat{F}$ is realized as a family of monotone annuli $\overline{A}_{1},$ $\ldots\tilde{A}_{m}$
i$\mathrm{n}$ $\hat{F}\cross I\subset F\cross I$ so that $\partial\tilde{A}_{1}=(f^{-1}(a_{1})\cross\{0\})\cup(a_{k_{1}}\cross\{1\}))\ldots$ , $\partial\tilde{A}_{m}=(f^{-1}(a_{m})\cross\{0\})\cup(a_{k_{m}}\cross\{1\})$ .
Note that $\tilde{A}_{i}\cap$ $(\{x_{\overline{J}}\}\cross I)=\emptyset$ for $i=1,$ $\ldots,$ $m,$ $j=1,$ $\ldots,n$ . Since $f$ is isotopic to the identity on $F$ ,
we have a level preserving diffeomorphism of $F\cross I$ sending $(x, 0)$ to $(f(x), 0)$ and $(x, 1)$ to $(x, 1)$ , which
deforms also the vertical segment $\{xj\}\cross I$ to a monotone arc $t_{i}^{f}$ with $\partial t_{i}^{f}=\{(x_{l}, 0), (xj, 1)\}$, where
$x_{i}=f(xj)$ . Then $t_{1}^{f},$ $\ldots,t_{n}^{f}$ define abraid $b^{f}$ in $F\cross I$ (see, Definition 1). Simultaneously, the annuli
$\overline{A}_{1},$
$\ldots$ , $\tilde{A}_{m}$ are also deformed to a family ofmonotone annuli $A_{1},$ . . . , $A_{m}$ in $F\cross I$ , each of which is disjoint
from the braid $b^{f}$ and satisfies that $\partial A_{i}=(a_{i}\cross\{0\})\cup(a_{k_{\mathrm{i}}}\cross\{1\})$ . Let us choose annuli $A_{1},$ $\ldots,$ $A_{k}$ (after
changing their indices if necessary) so that $p(\partial(A_{1}\cup\cdots\cup A_{k}) \cap(F. \cross\{0\}))$ $=p(\partial(A_{1}\cup\cdots\cup A_{k})\cap(F\cross\{1\}))$
and no proper subset satisfy this property.
If $a_{i}$ bounds a disk $D_{1}$. on $F$ , then since $C$ is an essential 1-submanifold o$\mathrm{n}$ $\hat{F}$ , $D_{i}$ contains at least two
points of $\{x_{1}, \ldots, x_{n}\}$ . Then for each $i$ , $\partial A_{i}\cap(F\cross\{0\})$ bounds a disk $D_{i,0}\subset F\cross\{0\}$ and $\partial A_{i}\cap(F\cross\{1\})$
bounds a disk $D_{i,1}\subset F\cross\{1\}$ . By the irreducibility of $F\cross I$ , the 2-sphere $A_{i}\cup D_{i,0}\cup D_{i,1}$ bounds a
3–ball $B_{i}$ . It turns out that each $B_{i}$ contains $m$ strings in $b^{f}$ f$\mathrm{o}$r some integer $m\geq 2$ independent of $i$ .
The collection of strings in $b^{f}$ each of which is contained in $B_{1}\cup\cdot\cdot$ . $\cup Bk$ would be a parallel family,
contradicting the assumption.
Hence $a_{\mathrm{i}}$ is also essential on $F$ and $A_{i}$ is incompressible in $F\cross I$ . Then Lemma 3.1 (1) implies that
$k=1$ and Lemma 3.1 (2) shows that $A_{1}$ can be isotoped to the vertical annulus $a_{1}\mathrm{x}$ I by a level preserving
isotopy fixing $F\cross\{0,1\}$ . Under this level preserving isotopy, the braid $b^{f}=$ $(t_{1}^{f}, \ldots, t_{n}^{f};F\cross I)$ is also
isotoped to another braid $b’=$ $(t_{1}’, ..., t_{n}’;F\cross I)$ (without moving their endpoints), which is equivalent
to $b^{f}$ ; they define equivalent systems of closed curves. Since the annulus $A_{1}$ is disjoint &0m $b^{f},$ $a_{1}\cross I$
does not intersect $b’$ neither, and hence $a_{1} \cap(\bigcup_{\dot{\iota}=1}^{n}p(t_{i}’))=p(a_{\mathrm{i}}\cross I)" \mathrm{z}$ $p(b’)=p$( $(a_{i}\cross I)$ rl $b’$ ) $=p(\emptyset)=\emptyset$ .
Since $b^{j}$ is stably filiing, by definition, $\bigcup_{i=1}^{n}p(t_{i}’)$ must intersect every essential embedded loop. It follows
that $a_{1}$ would be parallel to a component of $\partial F$ with the parallelism containing some specified points
$x_{i}$ . This implies that $a_{1}\mathrm{x}I$ , and hence $A_{1}$ , is the frontier of a collar neighborhood $N(\cong S^{1}\cross I\cross I)$ of
a component of $(\partial F)\cross I$. Since $N(\cong S^{1}\cross I\mathrm{x}I)$ contains some strings $t_{i}^{f}$ , there would be a peripheral
family each member of which is in $N$ . This contradicts $b^{f}$ having no P-families.
4.3. Proof of the “ if” part of (ii). Suppose that $\mathrm{t}\dot{\mathrm{n}}\mathrm{e}$ braid $b^{f}$ hats a $P$-family or is not stably filling.
Then by definition, (1) $b^{f}$ has aparaUel family $\{t_{i_{1}}^{f}$ , ... , $t_{i_{k}}^{f}\}$ or (2) $b^{f}$ has aperipheral family $\{t_{i_{1}}^{f}, ..., t^{f}.\cdot\}k$ ’
or (3) $b^{f}$ is equivalent to a braid $b’=(t_{1}’, \ldots, t_{n}’; F\cross I)$ such that $p(t_{1}’)$ $\cup\cdots\cup p(d_{n})$ does not intersect
an essential embedded loop $a$ .
In each case, $C=p(\eta(\partial(D_{1}^{2}\cross\{0\}\cup\cdots\cup D_{m}^{2}\mathrm{x}\{0\})))$ , the frontier of $p(N\cap(F\cross\{0\}))$ in $F$ , or the
embedded loop $a$ is an essential 1-submanifold which is isotopic to the image of $f$ on $\hat{F}$ . This means that
$\hat{f}$ is isotopic to a reducible automorphism.
5. PROOF OF COROLLARY 1.3
Corollary 1.3 follows immediately ffom Theorem 1.2 (iii) and the claim below.
Claim 5.1. If the system of closed curves $C^{f}=\{J_{1}$ , . . . , $c_{m}^{f}\}$ has property $(*)$ , then the braid $b^{f}=$
$(t_{1}^{f}, ... : t_{n}^{f}jF\cross I)$ is stably filling and has no P-families.
Pmof. Suppose that we have a parallel family $\{t_{i_{1}}$ , .. ., $t_{\dot{l}\mathrm{t}}\}(k\geq 2)$ , which consists of some cyclic
subfamilies. The cyclic families give a subsystem of closed curves in $C^{f}$ . Since $k\geq 2$ , the subsystem
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contains a closed curve homotopic to a nontrivial power of a closed curve or a pair of mutually homotopic
closed curves. (If $f$ fixes $x_{1},$ $\ldots,$ $x_{n}$ pointwisely, i.e., $b^{f}$ is a pure braid, then we have the latter possibility.)
This contradicts the assumption. If we have a peripheral farnily $\{t_{i_{1}}, \ldots, t_{i_{k}}\}$ , then clearly $c_{i}j$ is homotoped
into a component of $\partial F$ , contradicting the assumption. Let $b’=$ $(t_{1}’, . . . , t_{n}’; F\cross I)$ be a braid equivalent
to $b^{j}$ . Then the system of closed curves $\mathrm{C}’$ corresponding to $b’$ is equivalent to $C^{f}$ . Since $C^{f}$ is stably
filling, by definition, $C’$ is filling. $\square (\mathrm{C}\mathrm{l}\mathrm{a}\mathrm{i}\mathrm{m}5.1)$
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